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In this work we analytically investigate the longitudinal optical conductivity of the C2v symmetric topological
insulator. The conductivity expressions at T = 0 are derived using the Kubo formula and expressed as a
function of the ratio of the Dresselhaus and Rashba parameters that characterize the low-energy Hamiltonian.
We find that the longitudinal inter-band conductivity vanishes when Dresselhaus and Rashba parameters are
equal in strength, also called the persistent spin helix state. The calculations are extended to obtain the
frequency-dependent real and imaginary components of the optical conductivity for the topological Kondo
insulator SmB6 which exhibits C2v symmetric and anisotropic Dirac cones hosting topological states at X
point on the surface Brillouin zone.
I. Introduction
Spectroscopy techniques serve as an important tool-
box to probe the microscopic excitation of matter, the
response of the electron ensemble to an external pertur-
bation, and ground-state correlation functions that link
to specific measurements. Spectroscopy measurements
are broadly classified in to categories [1] identified by
the study of the spectrum of the microscopic variable
within the matter; for example, angle-resolved photo-
emission spectroscopy reveals the arrangement of elec-
tronic energy surface states while spin provides the basis
for nuclear magnetic resonance, vital in determination of
the structure of compounds. Similarly, the response of
matter to light is routinely gauged using optical spec-
troscopy that utilizes the variation of the microscopic
current density response to examine the the frequency-
dependent electrical conductivity. The optical response
of matter, in principle, is conveniently gauged from reflec-
tivity data obtained from elipsometry techniques which
provide information about the phase and amplitude of
the reflected ray. In this regard we note, that governed
by Maxwell’s laws, the passage (and reflection) of light
incident on matter and its eventual coupling to the in-
trinsic charge density has been studied for a wide class
of materials spanning the entire gamut of classification.
However, the emergence of topological states of mat-
ter modify Maxwell’s laws through the introduction of
a non-trivial θ term [2] that profoundly influences the
final reflectivity pattern embodied in the optical conduc-
tivity behaviour. In this paper, we analytically derive
expressions for inter-band optical conductivity arising
from transitions between energy levels located on mul-
tiple bands in a topological insulator (TI) whose surface
states are marked by the C2v symmetry.
In principle, the surface dispersion of a topological in-
sulator in its simplest form can be described by a Rashba-
like linear Hamiltonian; however, the loss of intrinsic bulk
symmetry (a crystal attribute characterized by the bulk
inversion asymmetry parameter) in crystals necessitates
the inclusion of an additional Dresselhaus-like Hamil-
tonian term. [3, 4] While the Dresselhaus contribution
is usually a small effect and ignored in most calcula-
tions, we show that the overall ratio of the Rashba- and
Dresselhaus-coupling coefficients can indeed have a sig-
nificant role in modulating the electronic spectrum with
important implications for light-matter interaction on
the topological insulator surface. Recent developments
in the fabrication of spin-based devices show that this
ratio can be easily altered [5] by adjusting the Rashba
coefficient which is a direct indicator of the structural
inversion asymmetry (SIA). In fact, it has been experi-
mentally confirmed that the Rashba parameter can be
adjusted through an external gate bias [6, 7] to val-
ues as large as 2× 10−11eV m in InAs-based heterostruc-
tures [8]. Remarkably, for equal strength of the Rashba
and Dresselhaus coupling coefficients (the persistent spin
helix state), the inter-band optical conductivity vanishes.
In this work, we utilize the Kubo formalism from lin-
ear response theory [9] to establish a functional depen-
dence between the ratio (κ) of the Dresselhaus (αD) and
Rashba (αR) spin coupling coefficients (κ = αD/αR) and
the longitudinal static components of charge and spin
Hall conductivity. The examination of the conductivity
in these systems yields useful information about the rel-
ative strength of the Rashba and Dresselhaus spin-orbit
coupling coefficients; conversely, their relative strength
provides key insight to the character of charge and spin
conductance. This also allows us to note that while the
sign of inter-band optical conductivity does not change as
κ varies (the flow of charge to an external field is not reg-
ulated by spin), the overall spin texture and the sign of
spin Hall conductivity (SHC) can be adjusted. Precisely,
as κ takes on values greater than unity, the sign of SHC
switches, a result also borne out by an identical transfor-
mation of the ± (2n+ 1))pi Berry phase of such a system.
We further extend these calculations to obtain in the long
wave length limit, the dynamic (frequency-dependent)
real and imaginary parts of optical conductivity for the
topological Kondo insulator [10, 11] SmB6. The topo-
logical surface states of SmB6 possess anisotropic Dirac
cones [12] at the X point and characterized by C2v and
time reversal symmetry. All calculations are performed
at T = 0K.
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2II. Model Hamiltonians
To describe the electronic structure of the material,
we employ a two-band k.p model that describes surface
states in proximity of the Dirac cone. In the low energy
region, the linear Hamiltonian that describes the surface
states is given by
HTI = αR (σykx − σxky)+αD (σxkx − σyky)+∆σz, (1)
where ∆ is the symmetry-breaking potential that in-
duces a finite gap between the surface bands while
αR and αD are the Rashba- and Dresselhaus-like
parameters, respectively. The dispersion relation-
ship obtained by diagonalization of the Hamiltonian
in Eq. 1 is ε (k) =
√|β |2 k2 + ∆2, where |β|2 =(
α2R + α
2
D + 2αR αD sin 2φ
)
. For later use, we also write
the analytic expressions for the 2 × 1 wave functions
corresponding to the Hamiltonian in Eq. 1
Ψ± =
1√
2
(
λ± exp (iθ)
±λ∓
)
;λ± =
√
1± ∆√
∆2 + |β|2 . (2)
The polar angle in Eq. 2 is
θ = tan−1
kx + κ ky
ky + κ kx
= tan−1
cosφ+ κ sinφ
sinφ+ κ cosφ
. (3)
We have introduced the additional notation κ = αD/αR
as the ratio of the Dresselhaus and Rashba coupling
coefficients and set kx = k cosφ and ky = k sinφ in
writing Eq. 3. We also derive the corresponding veloc-
ity components vx,y by evaluating the standard expres-
sion vˆi = (1/i~) [rˆ,H]. The velocity components along
x - and y-axes in operator notation are therefore vˆx =
(1/~) (αDσˆx − αRσˆy) and vˆy = (1/~) (αRσˆx − αDσˆy), re-
spectively. Finally, note that the k.p Hamiltonian written
as an expansion of the states around the Γ point is only
accurate in low-energy regions in its vicinity. We can
now using the model Hamiltonian (around the Γ point)
and the corresponding wave functions derive the longitu-
dinal intra- and inter-band conductivity for TIs with C2v
symmetry as a function of the Rashba and Dresselhaus
coefficients.
III. Intrinsic inter-band conductivity
The conductivity calculations are carried out by a di-
rect application of the Kubo formalism within the linear
response theory. For a non-interacting sample, Kubo ex-
pression for conductivity is written as
σx,y = −i~ e
2
L2
∑
n,n′
f (εn)− f (εn′ )
εn − εn′
〈n| vα|n′〉〈n′ | vα|n〉
εn − εn′ + i η
,
(4)
where |n〉 and |n′〉 are eigen functions of the defining
Hamiltonian and η represents a finite broadening of the
eigen-states resulting from surface imperfections and em-
bedded impurities. We first take up the generic topo-
logical insulator with C2v symmetry and bulk inversion
asymmetry described by Eq. 1; these calculations with
suitable amendment to the defining Hamiltonian are re-
peated for the topological Kondo insulator SmB6. In de-
riving these expressions, we tacitly assume that the wave
functions in presence of impurities and small external
perturbations retain their original form given in Eq. 2
and the topological insulator sample area is A = L2.
The inter-band conductivity expression (the intra-band
expression is derived in Appendix A) can be compactly
written as
σinterxx = −i
~ e2
L2
∑
n,n′
|Minter|2
[
f (εc)− f (εv)
(εc − εv) (εc − εv + iη)
]
.
(5)
Note that the matrix element Minter in Eq. 5 for the
inter-band case and a zero band gap (in Eq. 2, ∆ = 0) is
defined as
Minter = 〈Ψ±| vˆx|Ψ∓〉 = i (αD sin θ − αR cos θ) , (6)
where the valence and conduction band wave functions
are |Ψ−〉 and |Ψ+〉, respectively and vˆx is the velocity op-
erator along x -axis. For a zero-temperature case (T = 0),
above the Fermi level, the conduction states are devoid
of carriers while below the valence band is completely
filled. The Fermi distribution functions f (εc) and f (εv)
are therefore Heaviside step functions. We therefore set
f (εc) and f (εv) to zero and unity, respectively. With
this in mind, expanding and changing the sum in Eq. 5
to an integral, the final conductivity expression leads to:
σinterxx = −i
~ e2
4pi2
∫ ∞
kf
k dk
∫ 2pi
0
dφ (αDf2 (φ)− αRf1 (φ))2 ×[
Θ (εf − εc)−Θ (εf − εv)
(2ε) (2ε+ iη)
+
Θ (εf − εv)−Θ (εf − εc)
(−2ε) (−2ε+ iη)
]
.
(7)
The functions f1 (φ) and f2 (φ) are cos (θ) and sin (θ),
respectively expressed in terms of φ using Eq. 3. While
writing Eq. 7, for q → 0 (in the long wavelength limit), we
have set εc = −εv = ε and Θ (·) represents the Heaviside
step function. Simplifying the integrals in Eq. 7, σinterxx
normalized to e2/~ can be written as
σinterxx =
η
2pi
∫ 2pi
0
dφ
(αDf2 (φ)− αRf1 (φ))2
β2
×
∫ ∞
kf
1
4β2k2 + η2
kdk.
(8)
Note that to change the variable of integration from k →
, we use the dispersion relation  = β k. The Fermi
energy is εf and kf is the corresponding wave vector. The
integral in Eq. 8 can be numerically evaluated to obtain
σxx. When expressed in terms of ratio of the Dresselhaus
3and Rashba coefficients, Eq. 8 is recast as
σinterxx =
1
8pi2
(
pi/2− tan−1 2εf
η
)
×
∫ 2pi
0
[ (
κ2 − 1) sinφ
(κ2 + 2κ sin2φ+ 1)
]2
dφ.
(9)
We immediately observe from Eq. 9 that for κ = 1, which
defines a system with identical magnitude for the Rashba
and Dresselhaus coefficients - a condition known as the
persistent spin helix (PSH) state with SU(2) symmetry
occurs [13, 14]- the longitudinal static inter-band con-
ductivity vanishes. The disappearance of the static inter-
band conductivity can be simply explained by noting that
the matrix element in the Kubo expression ceases to ex-
ist. Li et al. obtained an identical result in Ref. 15 The
inter-band optical conductivity, following a numerical in-
tegration of Eq. 9, is shown in Fig. 1 for two values of η,
the broadening parameter.
Finally, we wish to point that the Hamiltonian in Eq. 1
is purely linear and, as a result, for the PSH state we
obtained a vanishing longitudinal inter-band conductiv-
ity. However, there is always a cubic Dresselhaus con-
tribution of the form α
′
D
(
kxk
2
yσˆx − kyk2xσˆy
)
which leads
to a finite conductivity. In this case, α
′
D is the third
order Dresselhaus coefficient and is the SU(2) violating
term. The vanishing inter-band optical conductivity also
manifests as a zero inter-band absorption of light in the
PSH state; a result which was also derived by the au-
thors through an explicit calculation of the inter-band
matrix element (the inter-band matrix element is zero in
the PSH state) in connection to examining the circular
dichroism (η) pattern in TIs with C2v symmetry. Circu-
lar dichroism, which is the differential absorption of left-
and right-circularly polarized light, for such a case has
been derived in Ref. 16. A note about dc conductivity is
in order here: We have tacitly assumed T = 0K; how-
ever, the case of a finite temperature can also be easily
handled by rewriting the Kubo expression in terms of the
Matsubara Greens function (or the imaginary time for-
malism). The conductivity expression derived in Eq. 9 is
now a function of frequency and momentum σ (q, ω), with
q → 0 in the long wavelength limit. The dc conductivity
can be extracted from the general frequency-dependent
expression by letting ω → 0.
Further, notice from Eq. 9 that the inter-band con-
ductivity expression is always positive regardless of the
relative strength of κ = αD/αR, an observation easily
reconcilable since charge conductivity does not depend
on the orientation of the spin polarization brought about
by the spin-orbit coupling Hamiltonian terms in Eq. 1.
However, there are quantities of interest, for instance, the
Berry phase [17] and the spin Hall conductivity [18] that
do exhibit a direct dependence on the strength of κ. We
examine the Berry phase in the following sub-section.
FIG. 1. The numerically calculated static inter-band optical
conductivity for a range of κ = αD/αR and a pair of transit
times (τ). At κ = 1, the inter-band optical conductivity van-
ishes. The static inter-band conductivity diminishes as the
strength of the broadening parameter η = ~/τ is reduced (for
an increase in τ) eventually ceasing to exist for an infinite
transit time. The Fermi level for this calculation was set to
5.0meV .
A. The Berry phase
The Berry phase is closely linked to the electron trans-
port coefficients [19]. We evaluate the Berry phase
around the Γ point. The Berry phase [20] in the
closed
−→
k - parameter space is defined as γ =
∮
dk ·
〈ψ±, θ| i ∂
∂ k
|ψ±, θ〉. Inserting the wave function from
Eq. 2 in the Berry phase (γ) expression and evaluating
∂θ
∂kν
where ν = {x, y}, one obtains
γ =
∫ 2pi
0
κ2 − 1
κ2 + 2κ sin2φ+ 1
dφ =
κ2 − 1
|κ2 − 1 |pi, (10)
where once more κ = αD/αR. Let us now consider the
two cases: 1) |κ| < 1 for which we have the Berry phase
as −pi using Eq. 10 while for 2) |κ| > 1, one obtains
γ = pi. The switching of κ between the two aforesaid
intervals, as we remarked before, does not change the
optical conductivity; the significance of it, however, lies
in its manifestation in the spin Hall conductivity. The
zero-frequency spin Hall conductivity within the Kubo
formalism is
σSH = −i~ e
L2
∑
n,n′
f (εn)− f (εn′ )
εn − εn′
〈n| jzα|n
′〉〈n′ | vˆy|n〉
εn − εn′ + iξ
,
(11)
where |n〉 and |n′〉 are eigen functions of the Hamilto-
nian given in Eq. 1. The Kubo expression in Eq. 11
4when evaluated for α = x yields the spin Hall conductiv-
ity. Note that the spin current operator [21] is defined
as jzx =
~
4
{vˆx, σˆz}. In this definition of the spin cur-
rent, the electron velocity is directed along the y-axis
due to an aligned external electric field and an out-of-
plane zˆ−polarized spin current flows along the perpen-
dicular x -axis. The spin Hall effect (SHE) refers to a
transverse spin current induced by an external electric
field in absence of a magnetic field. In this case, the
SHE is produced by the intrinsic spin-orbit coupling as
opposed to the extrinsic SHE driven by spin-orbit scat-
tering impurities. The SHE leading to accumulation of
spin in a preferred direction, as is easy to understand,
depends on the strength of the two contributions to the
Hamiltonian (Eq. 1) which transform the spin compo-
nents differently. It is therefore reasonable to believe that
the path of spin accumulation in an intrinsic SHE setup
guided by the spin-orbit coupling can be formulated in
terms of the Berry phase. In the Kubo expression for spin
conductivity (Eq. 11), inserting the desired eigen values
and eigen functions and following exactly the same set
of steps carried out for optical conductivity, we arrive at
the following expression for the spin Hall conductivity3
σzxy =
e
8pi
1− κ2
| 1− κ2 | . (12)
In deriving the above expression, we added a particle-
hole asymmetric quadratic term pˆ2/2m to the Hamil-
tonian, following which the spin current operator eval-
uates to jzα =
(
~2kα/2m
)
σz, where α = {x, y}. The
connection between the geometric Berry phase and the
spin Hall and diagonal conductivity can be easily seen
by rewriting Eq. 12 as σzxy = ±
(
e/8pi2
)
γ. As the
contribution of the two terms in the Hamiltonian re-
flected in the ratio κ toggles between the two intervals,
|κ| < 1 and |κ| > 1, the spin Hall conductivity switches
sign identically to the Berry phase. Furthermore, for
the two limiting cases, αR = 0, when the system pos-
sesses structural inversion symmetry and a finite bulk
inversion asymmetry, (αD 6= 0), and rewriting Eq. 12 as
σzxy = e/8pi
(
α2D − α2R
)
/|α2D − α2R|, yields the universal
spin Hall conductance as e/8pi. Conversely, for αR 6= 0
and αD = 0, the spin Hall conductance retains the same
magnitude but switches sign. This result connecting the
Berry phase to spin Hall conductivity was first obtained
by S. Shen in Ref. 22.
We again underscore the case of κ = 1 which is the
condition for PSH and recognize that spins are aligned
parallel [23] and there is no “effective” spin-orbit coupling
that bends the trajectory. However, as we stated before,
3The spin current operator definition does not hold along the x and
y-axes since the in-plane spin vectors are mixed as evident from
Eq. 1. The spin Hall conductivity in this case must be computed
by evaluating the quantity σς,↑xy − σς↓xy , where ς = x, y.
FIG. 2. The bulk unit cell for SmB6 which has a CsCl-type
crystal structure. The samarium (red) and boron (green)
atoms arranged at the vertices of an octahedron are located
at the corner and centre of a cubic lattice respectively. The
structure visualization was done with the VESTA [28] soft-
ware.
in the case of vanishing inter-band conductivity, non-zero
higher-order Dresselhaus terms could lead to an inexact
cancellation of the Rashba and Dresselhaus linear spin-
orbit Hamiltonians.
IV. Application to SmB6
A noteworthy instance of a material whose surface
states have non-trivial topology with C2v symmetry is
the topological Kondo insulator SmB6 (see Fig. 2 for
the unit cell structure). Briefly, Kondo insulators which
are marked by resistivity that has a minimum at a low
temperature but increases as the temperature is lowered
are highly electron-correlated systems that can exhibit
the Z2 topological insulator behaviour. Experimental
demonstrations of Kondo insulators with topologically
non-trivial states have been carried out [24] with SmB6
confirming their robust spin-polarized [25, 26] surface
states. SmB6, however, unlike other Kondo insulators
has a resistivity which has a minimum at room temper-
ature (T ) and a plateau-like profile [27] for (T 6 5K).
The low temperature constant resistivity is attributed to
topologically protected surface states within the Kondo
band gap (approximately 17.7 meV) and form three
Fermi surfaces. Of these three Fermi surfaces, angle-
resolved photoemission spectroscopy (ARPES) reveals
that they are centred at the Γ and doubly at the X points
of the surface Brillouin zone.
The genesis of the topologically protected surface
states at Γ and X lies in the band inversion [29] that
occurs between the 4f and 5d orbitals of samarium at X
points (see Fig. 3) in the bulk Brillouin zone (BZ). These
inverted X points in the bulk BZ when projected on the
surface BZ of a [001] grown SmB6 crystal gives rise to the
Dirac-like surface states (see Fig. 4) with a helical spin
texture, the defining hallmark of topological insulators.
A similar set of calculations was reported in Ref. 30 where
5FIG. 3. The bulk band structure of SmB6 with CsCl-type
crystal structure calculated from first-principles using the
VASP software. The inversion in the bulk band structure
happens at the X point which upon projection to the surface
manifests as three topologically protected states.
Tay-Rong Chang et al. computed the electronic structure
of SmB6 using the GGA and GGA + U schemes; remark-
ably, they observed little change in the overall character
of bands as the electrostatic Coulomb energy U was in-
cremented from zero to a large value of 8.0 eV . They con-
cluded by noting this functional non-dependence on the
Coulomb energy as a sufficient proof of the band topol-
ogy and the Kondo insulator attribute of SmB6. The
bulk and slab band structures were obtained using the
VASP code [31, 32] within Perdew-Burke-Ernzerhof [33]
exchange-correlation functionals. The spin orbit coupling
was self-consistently included in our calculation. Ad-
ditionally, the plane wave energy cutoff value was set
to 320 eV and the Brillouin zone was sampled with a
12 × 12 × 12 Γ centered k-point mesh. We set the lat-
tice constant [34] to alc = 4.1327A˚ and the number of
electrons with up and down spins were identical through-
out the calculation. Note that the dispersion of the slab
in Fig. 4 uses three colors to indicate the origin of the
bands: The red colored bands arise because of a domi-
nant surface contribution while the black bands denote
the bulk dispersion. The green bands are an admixture of
surface and bulk dispersion. It is, however, pertinent to
remember that only those surface bands that connect the
conduction and valence bands (a closing of the band gap)
are topological in nature; in this case they occur at the
X and Γ points of the surface Brillouin zone and marked
by blue rectangular contours. To obtain the surface con-
tribution, we selected atoms that lie at the interface of
the slab and vacuum.
For greater clarity, and to clearly identify the topo-
logical surface bands from the multiple states in a first-
principles calculation, a simplified eight-band k.p Hamil-
tonian that selectively describes the dispersion around
the X point (derived from the theory of invariants in
Ref. 35) is of utility in our context here. The bulk
Hamiltonian is then adapted for a slab by carrying out
the standard transformation ki = −∂/∂ki; for our case,
the dispersion of the slab around the Γ and X are ob-
tained by making the simple replacement kz = −i∂/∂z
and kx = −i∂/∂x in the k.p Hamiltonian. Note that the
set of k-vectors for each case, (kx, ky), around the Γ and
(ky, kz) for X continue to be good quantum numbers.
Discretizing the derivative operator on a finite difference
grid, we arrive at an effective slab Hamiltonian which
can be diagonalized to obtain the dispersion as shown
in Fig. 5. For numerical details about discretization and
other steps to construct the slab Hamiltonian, the reader
is referred to Ref. 36.
The anisotropic character of the Dirac cones around
the X point can be further reduced to an effective mini-
mal k.p surface Hamiltonian using symmetry arguments
derived in Ref. 35. The band parameters for this model
are obtained through a fitting procedure by a direct com-
parison with first principles calculation (Fig. 4). The
Hamiltonian at X has a C2v symmetry which we repro-
duce in Eq. 13 and use as a starting point for further
conductivity calculations with the topological Kondo in-
sulator SmB6.
HSSX = 1 + a0k
2 + [i (a1k+ + a2k−)σ+ + h.c] . (13)
In Eq. 13, the constants [35] (in units of alc ∗ eV A˚)
a0, a1, a2 are 0.011276, 0.003059, and -0.02322, respec-
tively. The other terms are defined as k± = kx ± iky,
σˆ± = σˆx ± iσˆy, and k2 = k2x + k2y. The Pauli spin ma-
trices are σx, σy, and σz. Further, for low energy states
the quadratic term in Eq. 13 can be dropped to yield a
linear Dirac-like equation. Expanding, we obtain
HSSX = (a1 + a2) kxσx − (a1 − a2) kyσy. (14)
Note that this represents an anisotropic (tilted) Dirac
crossing at the X point with unequal and x - and y-axes
directed Fermi velocities.
To arrive at optical conductivity expressions for SmB6
(Section IV A), we begin (using the Hamiltonian in
Eq. 14) by writing the wave functions for energy states
in the vicinity of the anisotropic Dirac crossing. The
conduction and valence state wave functions are
Ψ± =
1√
2
(
χ± exp (iθ)
±χ∓
)
, (15a)
where χ± is
χ± =
√√√√1± ∆√
∆2 +
(
Ak2x +Bk
2
y
) . (15b)
The conduction (+) and valence (-) eigen states are de-
fined as
ε± = ±
√
∆2 +
(
A2k2x +B
2k2y
)
. (16)
The conduction state wave function Ψc = Ψ+ and the
corresponding valence state wave function is identified
6FIG. 4. The first-principles (with VASP) calculated disper-
sion of an SmB6 slab of thickness 6.612nm is plotted with
an inverted bulk character at X. The inversion at bulk X
is ≈ 17.7 meV (see inset of Fig. 3). The two topological
surface states for the slab structure at Γ and X are boxed
in blue. The slab configuration used in the VASP software
package had 17 samarium atoms and 16 boron layers. The
significance of the different colors on the plot is explained in
the text.
as Ψv = Ψ−. For brevity, in Eq. 15b, A = a1 + a2 and
B = a1−a2. Note that for the sake of completeness a gap
opening term of the form ∆σz appears in the Hamiltonian
(Eq. 14).
A. Conductivity of the X point
The conductivity calculations again begin from the
Kubo expression in Eq. 4; however, to obtain a frequency
dependence of the inter-band conductivity we must re-
work some of the expressions derived heretofore. The
FIG. 5. The 8-band k.p calculated dispersion of an SmB6 slab
of thickness 7.0nm is plotted in the vicinity of Γ and the X
point (right panel). The red boxed area in the right panel is
the region of interest and we compute the inter-band conduc-
tivity by evaluation of the momentum matrix element (and
their insertion in the Kubo expression) between states lying
on the surface conduction and valence bands. The anisotropy
of the Dirac cone around the X point is clearly noticeable in
contrast to the the isotropic Dirac cone centred at Γ. The
Fermi level is aligned to top of the surface valence band.
frequency-dependent Kubo expression for the inter-band
conductivity is
σinterαβ = −i
~ e2
L2
∑
n,n′
f (εn)− f (εn′ )
εn − εn′
〈n| vˆα|n′〉〈n′ | vˆβ |n〉
~ω + εn − εn′ + iη
,
(17)
where the symbols have meaning identical to Eq. 4. For a
less cumbersome notation, the superscript ‘inter’ will be
dropped from now. Further, the ket vector |n〉
(
|n′〉
)
denotes the conduction (valence) state wave function
|Ψc〉 (|Ψv〉). The corresponding conduction (valence)
eigen state is εn=c (εn′=v). For longitudinal optical con-
ductivity along the x -axis, the velocity operators vˆα and
vˆβ are identical and equal to vˆx = (A/~) σˆx. Inserting
the velocity operator in the Kubo expression, the matrix
elements can be straightforwardly computed
〈Ψc| vˆx|Ψv〉 = −A~ (i sin θ + γ cos θ) , (18)
where γ = ∆/
√
A2k2x +B
2k2y. The Fermi distribution
functions in Eq. 17, as before, are set under the tacit as-
sumption that the Fermi energy is positioned at the top of
the valence band; this effectively ensures that f (εc) = 0
and f (εv) = 1. Putting all of them together and expand-
ing the real and imaginary part of the conductivity (in
units of e2/~) yields
σRxx = η
A2
8pi2
[∫ kc
0
dk
∫ 2pi
0
dθ
(
sin2 θ + γ2 cos2 θ
)
Ω
(~ω − 2ε)2 + η2 +∫ kc
0
dk
∫ 2pi
0
dθ
(
sin2 θ + γ2 cos2 θ
)
Ω
(~ω + 2ε)2 + η2
]
, (19)
where Ω ≈ 1√
A2 cos2 θ +B2 sin2 θ
and the upper limit of
the k -space integral, kc, corresponds to the momentum
vector for a given energy cut-off. The approximation to
Ω is reasonably accurate for small values of ∆, the band
gap opening. We set kc = 0.12 A˚
−1 for a numerical eval-
uation of all conductivity expressions in this work. The
imaginary part of the longitudinal optical conductivity is
likewise,
σImxx =
A2
8pi2
[∫ kc
0
dk
∫ 2pi
0
dθ
(
sin2 θ + γ2 cos2 θ
)
Ω
′
−
(~ω − 2ε)2 + η2 +∫ kc
0
dk
∫ 2pi
0
dθ
(
sin2 θ + γ2 cos2 θ
)
Ω
′
+
(~ω + 2ε)2 + η2
]
, (20)
where Ω
′
± ≈
~ω ± 2ε√
A2 cos2 θ +B2 sin2 θ
.
The anisotropy (tilted Dirac cone) at the X point sug-
gests that the y-axis directed longitudinal conductivity
(σyy) is unequal to σxx. Retracing the set of steps in the
calculation of σxx, we write down the result (in units of
7e2/~) for σyy. Note that the appropriate matrix element
in the Kubo expression for σyy is
〈Ψc| vˆy|Ψv〉 = − iB~ (cos θ + iγ sin θ) , (21)
The real part of σyy is therefore
σRyy = η
B2
8pi2
[∫ kc
0
dk
∫ 2pi
0
dθ
(
cos2 θ + γ2 sin2 θ
)
Ω
(~ω − 2ε)2 + η2 +∫ kc
0
dk
∫ 2pi
0
dθ
(
cos2 θ + γ2 sin2 θ
)
Ω
(~ω + 2ε)2 + η2
]
, (22)
while the corresponding imaginary part is
σImyy =
B2
8pi2
[∫ kc
0
dk
∫ 2pi
0
dθ
(
cos2 θ + γ2 sin2 θ
)
Ω
′
−
(~ω − 2ε)2 + η2 +∫ kc
0
dk
∫ 2pi
0
dθ
(
cos2 θ + γ2 sin2 θ
)
Ω
′
+
(~ω + 2ε)2 + η2
]
. (23)
For all numerical calculations that are presented, we set
the γ term in the conductivity expressions to zero indi-
cating a vanishing band gap at the X point on the sur-
face BZ of SmB6. The real and imaginary parts of the
anisotropic in-plane longitudinal conductivity is plotted
in Fig. 6. We have chosen the energy scale for the con-
ductivity plot to in the range of topological surface states
for the slab structure shown in Fig. 4. The inequality
of the conductivity components along the x - and y-axes
is clearly visible for the chosen band parameters in the
defining Hamiltonian (Eq. 13. Note that the coefficients
a1 + a2 and a1 − a2 represent the Fermi velocities along
the x- and y-axes, respectively.
V. Summary
In conclusion, we have employed the Kubo formalism
from linear response theory to compute the inter-band,
and spin conductivity point for a topological insulator
with C2v and time reversal symmetry. The Hamiltonian
for such a TI to a first order has contributions from the
Rashba- and Dresselhaus-like spin-orbit terms. We first
show that the longitudinal inter-band conductivities van-
ishes when the Rashba and Dresselhaus components are
of equal strength (the PSH state). At PSH, the zero
inter-band longitudinal conductivity is significant since
it correlates to a vanishing inter-band light absorption.
We also calculated the dynamic longitudinal conductiv-
ity of the C2v symmetric surface states of the topological
Kondo insulator SmB6. The surface states located at
the X point of the Brillouin zone host anisotropic Dirac
cones; the anisotropy distinguished by unequal Fermi ve-
locities along the x - and y-axes varies as we progres-
sively move away from the crossing [37]. This asymme-
try could be potentially modulated through embedded
impurity dopants or inducing strain through a substrate
that leads to a controllable optical conductivity with sig-
nificant implications for production and transmission of
FIG. 6. The numerically calculated longitudinal optical con-
ductivity of SmB6 along the x - and y-axes. The transit time
(τ) for surface electrons around the X point on the surface
Brillouin zone was taken to be 0.1ns. The η in the conduc-
tivity equations above is given by η = ~/τ . The anisotropy
ratio manifested in the unequal surface Fermi velocities is
vXf /v
Y
f = 0.7672.
chiral surface plasmon polaritons on the 2D anisotropic
surface.
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Appendix A Intra-band optical conductivity
To evaluate the intra-band conductivity, we assume
that the two energy states εn and εn′ are close in mag-
nitude allowing us to Taylor expand the difference be-
tween the Fermi functions in Eq. 4. One then obtains,
f (εn) − f (εn′ ) = (εn − εn′ )
∂ f (εn)
∂ εn
. Evaluating the
intra-band matrix element Mintra = 〈Ψ±| vˆx|Ψ±〉 in
Eq. 4 we arrive at the following expression for σintraxx :
σintraxx = i
1
A
e2
~
∑
n
∂ f (εn)
∂ εn
(εn − εn′ )
(εn − εn′ )
× (λ+ λ−)
2
(αDcos θ + αRsin θ)
2
εn − ε′n + iη
. (A1a)
Using the dispersion relation ε (k) =
√|β |2 k2 + ∆2 to
make the change from k to E gives
σintraxx =
e2
~
1
4pi2η
∫ 2pi
0
(αDf1 (φ) + αRf2 (φ))
2
β2
dφ
×
∫ εf
0
ε2 −∆2
ε
δ (εf − ε) dε, (A1b)
where f1 (φ) and f2 (φ) are cos (θ) and sin (θ), respec-
tively expressed in terms of φ using Eq. 3. Further, in
Eq. A1a, we have set −∂ f (εn)
∂ εn
= δ (εn − ) at T = 0 to
rewrite it in the form shown in Eq. A1b. The intra-band
conductivity normalized to e2/~ is
σintraxx =
ζ
4pi2 η
∫ 2pi
0
[(
κ2 + 1
)
cosφ+ 2κ sinφ
(κ2 + 2κ sin2φ+ 1)
]2
dφ,
(A1c)
where κ = αD/αR, ζ =
(
ε2f −∆2
)
/εf , and αR 6= 0.
